7(u^ 


LS 


r  c^t      l^n     ^  toA^i^    L^i    J) c)-c/c^L    c^/ <P/iUai.t-^^f 


a 


J.  C]fu^^ 


L 


^'1^^ 


c: 


^yiu: 


^^7^ 


Si/mholic  Finite  Sohffions  and  SohtfioHs  btj  Definite 
Integrals  of  the  Equation    '.'l  ==.'"'//. 


dx" 
By  J.  C.  Fields. 


The  finite  solutions  obtained  in  tliis  paper  arc  analogous  to  the  symbolic 

^~~  fl  f Tit  ^^  it  -^~*  1  \ 

solutions  of  Riccati's  equation,  and  hold  in  all  cases  for  which  m  =  .         , 

where  /••  is  any  integer  less  than  and  prime  to  n,  always  including  unity,  and  i  is 
any  integer  positive  or  negative;  for  yj  =  2,  /r=  1,  we  have  the  wcll-knovvji 
cases  for  which  Riccati's  equation  is  finitely  soluble. 

The  solution  by  definite  integrals  of  the  above  equation  was  first  proposed 
by  Lobatto.*  Kummer  and  Spitzer,  to  whose  papers  I  will  refer  further  on, 
find  the  general  solution  for  ?«  any  positive  integer,  and  for  m  a  negative  integer 
greater  tlian  2n,  respectively.  M.  De  Tilly  treats  this  equation  by  a  very  inter- 
esting method.^ 

Finite  Solutions. 
I  will  first  find  solutions  analogous  to  Riccati's  of  eciualions  of  the  third 
order  of  the  form 


(1)  i|-=-^'"^' 

and  afterwards  discuss  equations  of  the  rt"'  order  having  this  form. 

I  here  premise  that  I  will  throughout  consider  -^^  nnd  f    .  *  )     (where  A 

is  any  quantity  or  symbol  treated  as  a  quantity)  as  commutative,  which  of  course 
amounts  to  putting  the  additive  constant  introduced  by  an  integration  always 
equal  to  zero. 

Suppose  (1)  satisfied  by  the  series 

y  =  I,(i„x"°,  where  a  =  m  -\-  3. 

•Crelle,  Vol.  XVII.  t  MathesiB,  Vol.  V,  supplement. 
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Sulistituling  this  series  in  (1)  ami  etiualiiig  coeflicieuls  of  the  same  power  of  x 
on  opposite  sides  of  the  equation,  we  get 

( 2)  na  {na  —  1)  {ria  —  2)  o„  =  «„  _ , ; 

0|.-I  _ 


it.. 


na[na  —  l)(na  —  2) 

On 


na(na  — l)(na  — 2)n  — la(n  — 1  o  — l)(n— 1  a  — 2) a(a— l)(a  — 2) 


-    n(l  +  vO-  .  •  •("+  s^i){l  +  V,)  .  .  .  .(n  + V,)  ; 
putting 


1  2 

«n  =  1 ,  — -  =  ''i .  —  _    =  '"2 ; 


a 


a- '"a"" 


0      ' — 

(it  is  evident  from  (2)  that  rt_i,  a_i,  etc.,  are  all  zero).     Thus 

where 

2  =  a-V,  i?..  =  (1  +  ii)  ....(«  +  7'0,  ii;,,  =  (1  +  r^)  .  .  .  .  (n  +  r,). 

Now,  -|^  =  z— '  (-^)   V'  =  2— 'A-z'^;  where  (  ^  )"'=  A . 

Substituting  in  (3)  therefore 

(±y' 

(4)  .-.     v=  z~''A~''l  .  A''  .  2'"  =  2~''A~"'e^''-^^    A'"  .  z'\ 

^  '  n 

where  the  entire  functional  symbol  A''!"^''-^'     A*^'  is  supposed  to  operate  upon  z"' . 

We  will  now  show  that  if  the  value  of  the  right-hand  side  of  equation  (4)  is 

known  and  finite  for  any  given  values  of  r,,  i-j,  it  is  also  known  and  Unite  for  all 

values  of  i-j,  »-,  didering  by  integers  from  these  given  values.     Write  for  brevity 

(5)  (<^(A)  =  A-"/''"^^    A", 

(<^,(A)  =  A-''  +  v(.'1)~'a"-', 


DtJinUi'   /)it<!fni/s  of  tin    h\/ii,itluu  '^^  =  .1'"//.  369 

where  /  is  uiiy  integer  positive  or  uegutive.      Kroni  llie  I'ornmhi 

where  !>:=         we  luvve,  putting  <;  =  2, 

^  (Z>) . zu  =  z^l^  {D)  u  +  i'  (/>)  a . 
If  4.[D)  =  (l>  (A),  we  have  4>'  (D)  =  —  Ay  (A),  since  A  =  V'^; 

(6)  .-.    <^(A).2H=24)(A))/— Ay(A)«. 

Since  -5-^  and  r^''^'     are  commutative,  we  have  from  (0), 
uA 

4)'  (A)  =  —  riA-'-'-'e^''^''     A''  +  r,A-'''e^''-^^     A'--^ 

=  —  IiA-'(a— V^""^^    A^._A-''  +  v(rf'i)   ^'-0  =  — JiA- '(<?>( A)  — 4),(A)). 
Substituting  this  value  of  <p'  (A)  in  (6),  we  get 

(?)  (A).2»  =  2<?)  (A).  ^/+ r,A  (4.(A)  —  <^i(A)).  «  . 

Operating  on  this  equation  with        A~'  and  solving  for  ^i  (A)  u ,  we  get 

''1 

<fi(A)«=        A-'{2^(A)/t  — <^  (A). zitf  +  (;t)(A).M 

=  -i-^{2<?,(A)«-<?,(A)2«i+,?)(A).« 

=  —  \  zA-><^  (A)  «  —  r,^  (A)  « I  +  <^  (A)  // 
''1 
on  putting  n  =  z'';  thus, 

(7)  ^,{A)n=    ^    (2A- '<?)  (A)  a  +  (ri  -  r2)<?)  ( A)  )»  = -1  (,vA- '  +  ,■,-,',)  <^(  A)  ». 
Substituting  r^ — /  +  1  for  r,  in  (7),  it  becomes 

MA)u=i''^''-'+/^-r-'+'^^,_,iA)u, 

'1        *  ~t~  -l 
and,  by  successive  substitutions  of  this  kind  for  <^j_,(A)  u,  etc.,  we  get 

(^)    .  (..^^_iz^-'+^i-v»-i+l)izA-'+v^-v,-i+2).. .  .(zA-'+^-i-r,) 

(«)   <?>,(A)«_  r;or,-l)....(v,^t+l) •^^^^"- 

I'sing  the  theorem 

oi+')(-%t+'-o- ■oi+'-"+0'=-'a)""-' 

(S)  becomes  (^,  (A)  //  =  ''-^'2'""''  ''"'(t/  )  2"  "''(^  ( A)  // . 


(SI. 


/ 
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wluTO  ('  is  the  constiint  1  -^  )■,  (r, —  1) .  .  .  .  (r, —  /  +  1)  iiiid  i  a  pOHitivc  integer. 
If  ill   this  we  replace  r,  by  (i,  +  /)  and  operate  (tn   hoth  sides  with  2-'-'^i  +  '> 

{  '    J  .<;''"''.  we  get  the  same  tbinmhi  with  —  /  instead  ui  i ,  and  anotlier  constant 

in  phu'C  of  C 

We  have  in  general,  then,  where  /  is  any  integer,  positive  or  negative, 

(9)  <?..(A)»=  6V-"  +  "(^)V---,^{A)«, 

where  C  is  a  constant. 

Changing  j^  into  v.^  —  x  in  (!)), 

therefore,  2-'''  +  '(?.<(A)  2"'-'  =  CV"'/  ^j  yz''-^  +  'f  'j  )V(A)2''. 

We  have,  then,  putting  oj'j,  gi:,  for  jj ,  r.,  respectively, 

_  C"z'~<'''{      ")  3..''-""»  +  Y-r  Xo-/2-'"'A-"''e(*''-^^     A"''2"''). 

Knowing,  therefore,  tlie  function  2"'=A~''e^''-^'  A''?-''  for  )•,  =  „»■,,  j'.^  =  „r.^,  we 
obtaiTi  its  value  for  j,  =  „»', —  /,  i'^  =  „v.i — x,  by  operating  on  the  known  func- 
tion with  the  operator  Cz'^'-'T  y  j2»'''~'''+'(  '^'  jz""'. 

By  (4)  /y  =  2   ''A   •''e^"-^'     A'''2'»  is  a  solution  of  equation  ( i) ,  where  r,=  —       , 

2  ,  „  •  V  ,  (Py 

j.^  =  —       ,  u  =  >/(  +  :5 ;  now,  tor  ?h  =  0,  equation  (1)  becomes       ,  =  //,  and  its 

solution  is  C\e~''''-\-  C\e~''^+  C^~''''-',  where  >.,,  X^,  X.,  are  the  tliree  cube  roots  of 
unity;  but  its  symbolic  solution  (4)  is,  in  this  case, 

,.,12  21 

where       u„  =  •'. ,  „!■,  =  —        ,  „r.^  =  —        ,   or  „/',  =  —        ,  ,,1'.^=  —  - 

1.1(1  (X.,,  Ug  OLd 

'ince,   from    the    mode  of  forming  the   symbolic   function    in    (4),  it   evidently 


Dijiniti    /iiti(ji)i/'<  of  till    Eijiiiitiun       '^  :=  .i"'i/ .  'dli 

makes  no  change  in  its  viiliu;  to  mtcnliitii^i'   ilic   values  of  r, ,  r.J  ;  fhorefore,  lor 
properly  chosen  values  of  (\,  (\,  (\,  we  have 

^-"•^i^-o'i^.Vrfi'     A''''2"'''=  C,r-*'"+  Ci';~*'^+  O^-"'^; 

here  2  =  ajrV"  =  T       J  ;    .-.  j-  =:  32* ;   thus, 

(11)  z-.',^~«';t.U^)    '^..,2^',  =  c\e-  '"■''  +  CiC-^*^'^  +  C^--'"'*"*  . 

Taking,  now, 


''2  —  o''2  —  ^  —  —    ^^    1   ''1  —  n''i  —  '  —  —   ^^ 


2  .       _    1 

we  have  x  =  0T2  —  '^v,  +  2«,  m  -\-  3  =  a  =:  . . 

I  —  0^1 

1st.  Assuming 

_        ^    _         1  _       _?  _        2 

we  get  X  =  2j ,  a  =  7-  =  jrv-r-  =  m  +  3 ; 

therefore,  m  = 


3t  +  1  ' 
and  solution  of  (  1)  is  by  (4),  (10)  an-l  (11): 


.'/ 


(  d\-l  f  1  )-  1 

—  2~'''A~'''i!'''*-^      A''.'::'^  —  z" "''  "*"  "A" "''  "*"  V  ^^•^      ^n' 1  — '2""' ~ ' 


(12)  =  '"'^'(j^'^'^'^KiT'^K^''''''"'  "•"  ^»^~''"'  +  G^-''"^y 

2d.  Assuming 

_         2_         2 1__         1^ 

"''»  -  ~  ao  -  ~   3   '  "'■'  ~        a„  -         3  • 

we  get  x=-2i  -\-  I,  a  = =        ,   .,  =  w  +  .3  ; 

3 
therefore,  "*  =  "  •}•  J^  o       * 

And  solution  of  (1)  is  by  (4),  (10)  and  (11)  : 

(12')  =.-^  +  '(  ;r)'2J  +  "(^^j''''2-*(r7,e-»*-^+  ^,e-»^"'+  (73e-»^.'*). 
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These  solutions  are  evidently  of  the  form 


<^ie 


-3A,.i  _^  ^^,,-3M*  ^  <p,r-»^"\ 


where  the  <^'s  are  polynomials  in  z^,  and  plainly,  on  substitution  in  equation  (1). 
the  terms  containing  each  of  the  three  exponentials  vanish  idonti("illy ;  there- 
fore, the  three  quantities  f,,  (\,C-,m  the  above  solutions  may  be  considered  as  arbi- 
trary constants.     We  conclude,  therefore,  from  (12)  and  (12'),  that  the  equation 

_J  _.  ,.m  jj,  solvable  finitely  if  m  be  of  either  of  the  forms  -r—^ —  or — '  ." ,  ^  '  , 
dx^  '  •  3t  +  1  3t  -|-  2 

where  i  is  any  iuteger  positive  or  negative,  the  general  solutions  in  the  two  cases 

being  given  by  (12)  and  (12')  respectively. 

These  solutions  become,  on  substituting  for  z  in  terms  of  ^-  from  the  formula 

2  =  a-V  {a=  m  +  S), 

J  —  9f 

I .      wi  =      .  , 

3(  +  1 

!,  =  .,•  (x-3R^.  il^-^^'^'  (-^'"''^^  0'"' V3*;»  (c,e-  +  -.'^'+' 

the  C's  being  arbitrary  constants  ami  llic  ^'s  the  cube  roots  of  unity. 

Tliv  Eqwdion  of  the  nth  Order. 
Suppose  the  equation 
(13)  -S=^-"'^ 

satisBed  by  the  series  y  =  Sa.u;",  where  a  =  m  +  /t ;  on  substituting  this  series  in 

(13)  we  get  for  the  determination  of  the  coefficients, 

(14)  xa  {xa —  1)  .  .  .  .  {xa  —  «  +  1)",  =«._i ; 


■^71 


Definitr  IntKjrah  of  the  Equation  ^j^  =  ••""I/-  37.'5 

therefore, 

«.^i 

"•  —  »«  (xa  —  1)  .  .'.  .  (xa  — n  +  1) 


xa  (xa—  n (xa  —  n-\-\).x  —  \,t{x  —  la  —  l) (x—  1  «  — n  -f-  1) 


xa.x—l  ax— 2a...  ir.(xa— !)()(— 1 «— 1)  ...  («— 1)  .  •  .  (««— n+l)(x— 1  a— n-fl)  . ..  («— «+l  ) 

_  ____^ u^-  "* 

—  ^(1  +  ..K2  +  O  .  .  .  .  (^  + -.)  (1  + -O  •  •  •  •  («+-.)  •  •  •  •  (i  +  ».-.) ....(«  +  -.-.)' 
where 

^      '  "  a       '  a    '  '  '  ■     '  ~  *  tt    *  '  "  "     "  ~ "  a     ' 

and  therefore, 


ro:J'i:.  •  •  •:'r-i:  .  .  .  . :  i'„_2  :  :  1 :  2: .  .  .  . :  r: .  .  .  .  :  n  —  1 , 
ri,=  = ;  on  putting  ao=  1,  ^.,=  (1  +  'v)(2+  "v)  •  •  ■  •  (^  +  »v)i 


OB  __ 

therefore,  //  =  S^.r"  =  ^  ^^^  £ 


i«l.. 


0 


(It  is  evident  from  (14)  that  the  series  contains  only  positive  powers  of  .r".)    Thus 

(16)  ,/  =  2      „    j<— s—  •  ^v^'6''«  -^  =  «   "•«^''- 

Now,  if  we  put 

we  have 

i    =      -, V    ^     . — i — X  =  2""°  r  f  ")    "2""  =  2-  '"Ajz"", 

R^^       (l+r„)..  .  .(x  +  v„)  V./^;  ' 

^'  =  A,-  ■■a^a;-' f '  =  Ar- a;+,a-  . . . .  ; 

therefore, 

2*  -.V  A; 


X 


/^,  i? A'  xR R, 


—  .Z" 


xR,, It,.    . 


a;_, 


=  ....  =  2-'«Ar"Ai-'' A7_V^2  ^-'  A;.-_,'  ....  zl^'Al'z- 

Thus 

(17)  y  =  z-'-Ar-'Ar"  •  •  •     A,lV'e^-'A;--,' ....  Ai'Al■2'^ 


374  Fields:  SymMir  Finih-  Sofufiotis  tind  Soht/ions  hi/ 

Krom  tlit>  inodo  of  Ibrnialioii  of  this  symholii-  expression,  its  meaning  is  tliat 
we  operate  witli  e^'  '  on  A;,'..i,  multiply  the  result  by  A,,  '"j  %  and  with  the  com- 
plete operator  A~!L\'€^''A'„'_i  in  A„  ,  thus  obtained  operate  on  A;,"_.i,  and  so 
on,  finally  operating  on  z""  with  the  complete  operator  in  A,  and  multiplying 
by  z" '°. 

For  brevity  T  will  adopt  the  following  notation  : 

<?>  ('Vi  —  >n-2)  =2-'«Ar"  —  Ariv='^-'""'A;,-_i  —  ai'2-, 
<?>r('v'v+i ....  r„_8)  =  Ar'> ... .  A7iv'f'^"-Ar;-|  • . .  •  A;^ , 

<,<?'r('V''r+l-    •    .    .  »n-2)  =  ^r(»V—  «'r  !   J'r  +  1  •    •    •    .   '',.-2). 

^(^q)  =  7  (7  —  1)  ....  (2  —  ^>  +  1),  where  p  is  an  integer  and  </  any 

quantity  or  symbol. 

Where  there  is  no  fear  of  ambiguity,  I  will  simply  denote  the  (irst  three  of 
these  expressions  by  <^,  ^^{A^),  i/p^{Ar),  respectively. 

We  notice  that  ^r(A-),  being  a  function  of  A^,  is  commutative  with  A^. 

I  will  now  proceed  to  show  how  from  the  value  of  ^  for  certain  values  of 
the  I's  we  can  deduce  its  value  for  values  of  the  j's  dilVering  from  the  given  ones 
by  integers. 

By  the  formula  i  f'^  -\uc  =  ni^f^    j  c  +  n'.i' (^  ^\v +,etc.,  we    have, 


putting  cp,  (A,)  =  >/.  0^)  • 


(18)     <p,{A,).A:-z\+'  =  cp,{A,).\_,.AV^[=A,    ,<^,.(AJA;'_i- A^c^aAJA-l, 
since  ^r=(,^l)-\^u.l  i'(^±-)  =  -Ai^liA^. 

Now,  ditlierenliating  <^,.  (A,)=:  A"'  <^,.4.i(A,._,.i)A;.    with  respect  to  A,,  we  find 

(19)  <f;(A,)  =  -»vAr "'<?., +.( A, +  ,)^;-  +  'va,  "«^,+,(a,^..)a-  • 

=  ,vAr'h<?>.(A.)-<^(A,)|-. 

Sulistituting  this  value  of  <Pr{Ar)  i"  (1^)-  we  get 

<?.,(A.)A;-_1  +  >  =  A.    ,«^,(A.)A-_J  - /vA.j,<^.(AJ  -  «/.(A,)!A;'_',. 

Operating  on  this  with  A7' =  -rir —  .  and  taking  ,4)r(A,)  .  A;  .J  to  one  side  of 
the  equation,  we  get 

(20)  ,«j>,(a,)a;-_i=  l^  (a,_,^/^  ^  +  .V-  .v-,)<^.(A.)a;'_-{. 


'/".'/  _  ..., 


Ihlhiili    litlnintlx  of  Ihi    EiiHiitivn        '  z=:  y  u .  ^"JT) 

In  this  equation,  substituting  jv — i^+  1   for  ;v,    \({'r{-^,)   l>eoonies  ,,<J),(Ar)  iuiii 
<p,{\)  becomes  (,_,<^,.(A,.);  /.  the  e{|uation  becomes 

(21)  ,<?,aA,)A;-_i=  ^,  _!_^j  (a.^,^^^  +,.^_/ _,,._,+  ,),    ,^^(A,):a-_;. 

Similarly, 

,,.,<?..(A.)A:/_i=  ^,-34-j_2(a,._,^^^^^^  +  'v-/.- »•,.-,+  2),,_,.^,(AJA;'_i 

Substituting  successively  in   (JOtVoui   these   formula^  for  i,_i(^,.(Ar)  A;.:] , 
,,_,<^,(A,)A;'_i,  etc.,  i<?),(A)A;'_i,  we  get 

(22)  ,,<^.(A,)  A;-i  =    J,^j .  ^  (a_,  ^^^^^  +  r,-  ,v_,)  .  <^,(A,.)  A^j. 
By  the  formula 

we  have 

therefore,  from  (22), 

,,<?>, (A,)  A-_ i  =  J^,-^ .  AJ'_1"  +  • '  -(-^- )  A-_-,-   '.<?>, (A.)  A;_  J ; 
whence 
( 2.3)  Ar_'i  \.^r (A.)  A-,'  =  ^  ^^,^^  AJ'_1"  (^^^^ _  J  A;-1  "  '  <p^  (A.)  A^,' 

1     V"^  i  ' 

^ivizl;""';;^ — h — !"-.(^v— >v_,).,  ,('v-i).--.<?'r-i(A,_i) 

0 

(where   x,_i,  >.^_i   are  integers  such   that   x^^i-j-  '/.,    i  =  i,),  on   performing  tiie 
operation  indicated  by  T  ,  j  ;  thus, 

2--Ar"  —  Ar^-  ',.<^,(A,)  a;'_{  —  aj-z- 

=  a!v)E-.;VXI,!'-  .('•- 'v->)^^-.('v->)--Ar" .... 

Ar-TV ' ..    ,<?>.    .(A. .  0  A-_; AI'2'" 

=  ..(iv)2:."x.,'v,!'  '^'•'-'•^--■^"-^•.-.(.',-)l:.  x,..v  x,_,!'  ^"-' 

—  i-r-tk  -  A«V-»).  2   "Ai  '■....  Ar-:V\,.  ,<^r_,(A,    ,)  A'/_3 Al'c- 


•^70  FlEI.nS:   St/mholir   Finit>    Solu/ions  nntl   SvlKtiunti  iij 

(vvheiv    x,_2H-;i,_ij  =  >.,_i),    on    sulislituliiig   lor  A7_%  \,    ,<^,_,(A,_,) A';„i,   its 
i'i|iiiviik'iit  expression  similar  to  that  obtained  for  A7_!;,  ',<^r(A,)  Ar'_i'  in  {2.'J). 
\\\  making  such  substitutions  successive!}'  for 

Ar '■'.,<?. (A,) AJ',  ?J-",,4.l(A,)^^ 
we  ultimately  obtain 
(24)     i-'"Ar" A-'v'  i,<?»(A,)A';_-i Al-a^" 

u 

-:;(b)£"x.^i;-e!-  ■('•■■--"■ -)^  -('v-.) ,7:(b7)E-'- •  •  •  • 

0  (I 

n  II 

ir 

0 

S--.T:ra  ■■-•<■■'■■■- ■■'->H' 

u  u 

A.;  A, 

*"■"  ''I  •    '"1  •  *^^  ^11  ■    '"U  • 

n  0 

*. 
^'^''-  S  .  T  ,'  1  «.('■•  -  vo)  J>^o)2-»  +  >.(A0^-"-*- 
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Dijinilr   J !{((</ nils  of  (In    hqitnliun     ^  =  .'"'//•  '■^>~'t 

ami  proi'Oi'rlini;  in  tliis  iiiuiiiior,  we  I'ukI  tliul  (2-1)  liecoines 

(25)  s—^;-.  .  .  .  A7S,  \.1>,{^,)^'-l  ■■■■  -^I'z- 

Operating  on  both  sides  of  equation  (2.'))  with  (,(iv)  2~"  (   ;    )       2''    '',  and 
substituting  (;v  +  'V)  for  r,,  we  obtain 

(26)  z-''Ar-\ . .  A7-:r '_<,<?'r(A.)A:.'_-i . . .  Ai-z'°=av,+  !> '' (^£^  'V'->i(A,)2-. 

Thus,  from  (25)  and  (26),  we  get 

(27)  2— Af" .... A7i\-\M^.)^':-i '■■■  ^r^" - <^r2-'' + '' Ct)' ^'■' •  ^'"^^ (^1)^'' 

where  t,  is  any  integer  positive  or  negative  and  C,  is  a  constant. 

Now,  since  (27)  hohls  for  all  values  of  r,,  i\  .  .  .  .  r,  .  .  .  .  ,  we  have 

(28)  <?>(J0—  '0.    "1—  '"l    •    •    •    •   J',  -1—  'V_l,    J'r—  ir   ■   ■    •   ■    I'„-2—    '',,-8) 
^^^,   ■  {Tq '0>    ^1 'll    •    •    •    •  'V-l  'r-li    'Vi   •    •    •    •  )    '',,-8 '71-2)1 

/   (I   \' 

where  (J,,  denotes  the  operator  C^~"'^''("r)  z"'    and   the   i's  are    any  integers 

positive  or  negative.     By  successive   applications  of  the  formula  (28)   for  all 
values  of  r  from  0  up  to  (//  —  2)  we  obtain 

(29)  ^(To—   4.     ''l—   '1-    •    •    •    ■   ,'r—    'r ,    1'„-8—  ''n-z) 

=  n  (cj, ) .  ^  (j'o .  ''i ,  IV .  .  .  .  r„  _ .) , 

where  11  (w,.)  designates  the  symbolic  operator  Uq.  dii.  .  .  .(j„_2. 

Substituting  now  for  t^,  3, .  .  .  .  v,  ....  in  (29)  „i'o,  oTj,  .  .  .  .  „jv ....  respect- 
ively, and  putting  nr„  — j„=  ?„,  nj, —  /,  =  :,....„)•..—  /,=  7', (29)  becomes 

(30)  «^(j'o.   J'l »'r J'u-i)  =  n(„<J,)<?)(„»'o.  oJ'l o'V  •  •   ■   -nln-s). 

where  ^,=  6Vi~"'' ^^ (  x  )  ''""  '"^"^  jv=  o'V  —  '  • 

If  therefore  we  are  given  the  solution  <^  (oi'o.o'i n''. u''..-j)of  mi  e(|ua- 

tion  of  the  form  (13),  we  can,  by  (30),  find  the  solutions  <^  (r„,  Vi ....  v, ...  .  r„_,) 
of  other  equations  of  this  form  such  that  m  is  changed  subject  to  the  conditions 
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that  To,  J'i....i„_8  dilVer  bj  integers  from  the  given  quantities  „To,  o^i, o'n-ap 

and   also   to   the  condition  (15),   viz.,   ly :  jj ....:  j'„_3 ::  1  :  2  :....:  n — 1,  tlie 

value  of  ?;j  beinc;  determined  tVoiii  the  equation  ?•„  =  —        =  —  — , —  .     While 
'^  '  a  m  -f-  n 

the  order  of  the  r's  in  the  proportion  just  mentioned  is  perfectly  arbitrary,  I  will 

in  general  (consider  them  in  this  order  except   in  the  case  of  the  initial  values 

oJ'o,  o''i  •  •  •  •  )  o''m-2i  whose  arrangement  I  will  not  limit,  viz., 

(31)  nj'ii :  „»'i :....:  qJ',,  _2  :  :  ;fi  :  x^  : .  ■  .  .  :  J^„_i , 

where  the  x's  are  all  different  from  each  other  and  each  equal  to  one  of  the 
integers  l,2,....n  —  1. 

While  these  different  ways  of  distributing  their  values  to  qI-q,  (,i'i  ....  :o»'«-» 
does  not  affect  the  value  of  ^  (o''o.oi'i-  •  ■  •o'V-b);  '^  '^^'^^  ^^  s^^"  ^'<^'^  ^^  iXo^?, 
affect  the  derived  quantities  r^,  Tj,  .  .  .  .,t„_2,  giving  rise  to  different  sets  of 
values  for  these,  and  consequently  also  giving  different  values  of  m  for  which 
equation  (13)  is  soluble. 

Now,  when  m  =  0  we  know  the  general  solution  of  (13)  to  be 

(32)  (7,^-""+  CV"  "^^  + +  (7„c-''■•^ 

where  the  h's  are  the  nth  roots  of  unity  and  the  Cs  are  arbitrary  constants. 
Taking  this  as  our  initial  case,  we  have 

ao  =  m  +  n  =  n;  yj'o,  pJi,  •  •  •  •  oi'„_3  equal  ^^' '  ~„  ' „""' 

1 

respectively,  by  (15)  and  (31);  and  by  (16)  z  =  ii~"x'';  therefore  .c  =  toy-. 
Substituting  now  for  x  in  terms  of  z,  (32)  becomes 

(33)  Ce-"'"-""  +  C^f-"'"'"  +  ....  +  C,/-"""', 

which  is  the  general  solution  of  (13),  and  therefore  includes  <?)(o'»'oi  c''i>  — ti''„-i)t 
which  is  a  particular  solution ;  we  have  then 

(34)  ^  („ro.  o''i  ■  ■  ■  •  oJ'„-2)  =  C^"^-""  +  C^e-"""^  +....+  C',.e- "•"-', 
the  constants  C  being  properly  chosen;  and  therefore  from  (30) 

(35)  «?>  (r„,  7', .  •  •  •  '„-2)  =  ri  („u,)(C,e-'""^  +  Cje""-^  +....+  C,.f-''-"'  ' ) . 
Now,  as  stated  before,  the  conditions  to  which  the  i-'s  are  subject  are 

T,_,  =  rr^  for  all  integer  values  of  /•  from   1  iqi  to  «  —  1 , 
and  r,._,  =  „iv_i —  i,_i  for  all  inl('j.5er  values  nf  /•  from   1  u[i  to  n  —  1  . 


Ih/hiih    liit<yr,i/.<  It/  till    h',jiiii/i(j».      -^  :=./•"'//.  3»'.. 

where  i,_i  is  any  integer  positive  or  negative  ;  thus, 

and  since  „i\   ,  =  —     ""  ,  o'o  =  —    '  ,  this  becomes 

n  »i 

(3<)  — - —  =  v_i  — /•/„. 

Now,  the  x's  must  all  be  positive  integers  ditVerent  from  each  other  and  less 
than  )i .  Choosing  then  any  one  of  these  integers  as  the  value  of  x, ,  it  is  evident 
that  we  can  for  any  chosen  value  of  r  find  an   integer  value   of  x^  less  tluin  ii 

such  that  — =.  /, ,  where  /,  is  zero  or  an  integer  positive  or  negative,  and 

n 

there  is  plainly  onl}'  one  such  value  of  Xr,  and  the  value  of  «V-i  obtained  from 

the  equation  i,._i —  '"'"0  =  ^r  is  of  course  an  integer. 

We  know  then  that  for  each  value  of  Xi  there  is  one,  and  only  one,  value  of 

Xr  satisfying  equation  (37)  for  each  value  of  r,  and  it  only  remains  to  find  in 

what  cases  the  values  of  x,.  are  all  diffeient  for  the  difi'erent  values  of  ?•. 

Suppose    Xr  =  Xr,;    then  — ^ — ^-  =  integer;  therefore  '— 

=  integer,  and  since  r  —  ?-'<C«in  and  xy  must  have  a  factor  in  common;  and  con- 
versely, if  n ,  Xx  have  a  common  factor,  we  can  choose  r  —  ?•',  so  as  to  contain  it's 

remaining  factor,  and  therefore  ^ —    =  integer;  consequently  ;v,  =  x„,  and 

the  x's  are  not  all  different. 

Thus,  in  order  that  the  x's  should  be  all  distinct,  it  is  necessary  and  sufficient 
that  X,  be  prime  to  n . 

Taking,  then,  o»'o= !-  ,  we  have  n  =  n''o —  '0=  —  (  ^  +  j'n )  -   where  x, 

is  less  than  n  and  prime  to  it  and  i^  is  any  integer;  and  for  this  value  of  !•„  with 
the  values  of  iv_,  derived  from  the  formula  v^-i  =  '"'o.  for  all  integer  values  of  r 
from  2  up  to  n —  1,  we  have  <^  (r,,,  v, .  .  .  .  )'„_2)  expressible  finitely  and  given 
by  (35).     Now,  from  /^''_u•^—      — ^—  ^ 

we  obtain  m  =  ~~ "  '"*»  'r  ^1         (     ^^^  ^^   which   values  of   m  equation  (13)   is 

finitely  integrable;  or,  putting  i,  x  for  »o,  Xi  respectively,  equation  (13)  is  finitely 
iiitegrable  for  all  values  of  m  given  by  the  equation 

—  n  Jni  -j-  z  —  1  j 


(38)  m  = 


ni  -\-  X 
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wlieie  X  is  any  iiitcjior  loss  tlmii  iiinl  ]>riine  to  h,  and  I  is  any  integer  whatever, 
positive  or  negative,  the  intcLiiiil  licing  given  by  equation  (."J'")),  its  value  being 
found  by  substituting  in   tin-  uiioiator  11  (,,(j,)  the  values  of  the  r's  derived  from 

the  equations  r„=  —  "^  .  »V    i  =  ''n.  ii"d  the  values  of  the  i's  derived  frijni  the 


equations  /„=  '-  ^*- — ^'"=  'V-i  —  '"' •     ^^  '^  easily  seen  that  all  the  C"s  in  (35)  are 

dilVerent  from  zero,  and  therefore  that  on  the  substitution  of  the  right-hand 
member  of  (35)  for  y  in  (13)  the  resulting  identity  contains  n  terms  of  the  form 

i.-.e""'"'"  (il^r  being  a  polynomial  in  z),  due  respectively  to  each  of  the  n  expo- 
nentials occurring  in  (35);  and  since,  evidently,  each  of  these  n  terms  must  identi- 
cally vanish,  equation  (13)  is  satisfied  by 

(39)  n  iur)  ( C^-"""^  +  C,,-"^"'  -+....+  C.e-'-""'^) , 
where  the  C's  are  all  arhitrary  constants. 

We  may  write  (39)  in  the  form 

(40)  a,._on„_3.  .  .  .Xl„.z~''((7,e-'*-^  +  (7,6-""'-^  +  ....  +  a.e-"--), 
where  n,.=  2'''+^      "     (      )    ,  the  integers  ?',.  being  determined  fiom  the  equa- 
tion (37)   i,  =  {r-\-  l)i+  ^''"'"  ^)^~^^+J,  x,.^i   being  equal   to   7X'ro   or  any 

integer    less   than    n,    no    two    of  x's    being   equal,  and    r   taking   the    values 

0,  1,  2, («— 1). 

Substituting  in  (40)  by  the  formulae,  z  —  a~"i-°,  a  =     .  ,      ,  we  have  for  the 

general  solution  of  equation  (13),  for  values  of  m  given  by  (38), 

1 

(41)  .y  =  n„_.A.-3. . .  .a„.x-'.'+'(cv--'»'+"^'^ 

where  the  C's  are  arbitrary  constants  and 

"'r-H  /  n  d\'' 

For  H  =  2,  X  =  1,  (38)  gives  the  cases  m  =  ~   '  ,  for  which  Riccati's  equation  is 

finitely  integiable.  We  might  consider  nt  =  —  «  as  the  limiting  case  of  (38)  for 
which  1'  =  X  . 
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For    m  =  —  2//    ['^a)    ijivcs    x  =  >i  —  1,     /  =  —  1  ;    wc    (iml    /,  =  —  1, 
rir  =^  ~        "(    .    j     for  all  values  of  /•,  and  wo  iiui}'  write  (40)  iit  lliu  form 

(42)  i-'+  ^n"-'(Ci.-''''""^  + +  0„e-''~'^), 

where  il.M=:(       j    z"'"*"^.  « = « ( -A)  •»• 


Evidently  n"-^-''"''"  =  (—       J  ;  therefore,  (42)  becomes 

and  this,  on  substituting  z  =  ( —  na:)"",  takes  the  form 

which  is  the  well-known  solution  of    , '   =:  x^'"//. 

Riccad's  Eqtuifion. 

The  preceding  method,  applied  to  the  equation  of  the  second  order,  suggests 
also  the  following  mode  of  solving  Riccati's  equation  : 

--  1 

Putting  2  =  a'x    ",  a  =  —        ,    ,  ,  (43)  becomet* 
to  m  -\-  2'  ^     ■' 

o-i)  "S  +  ^'^  +  i)  !!!-^='^- 

Difierentiate  (44)  with  respect  to  z,  and  piil     •    =  '/,  when  we  get 

cPu   ,    ,      ,    „,   tlu 

which  is  the  same  in  form  as  (44),  a  being  increased  by  unity.  Evidently,  then, 
the  solution  of  (44)  being  given  for  any  value  u,)  of  a,  that  for  a  =  Uu  +  / 
(where  i  is  any  integer)  is  the  *"'  differential  of  the  given  solution. 

Xow,  for  w  =  0,  a  = —,  the  solution  of  (43)  is  Ae~'+B(^,  and,  therefore. 

Note.— I  might  here  say  that  formula  (25)  can  be  more  briefly  obtained  by  a  consideration  of  the 
general  term  of  tlio  scries  in  (10);  but  as  I  first  obtuiucd  it  from  (17),  and  the  troatniunt  of  the  symbolic 
form  there  given  seems  to  mo  somewhiit  interesting  ns  an  aiiplioition  of  symbiilic  inrtliods   I  have  lot 
(  .stand. 


382  Fields  :  SymhoUr  Finite  Solutions  und  ISolaliouH  bij 

that  of  (44)  is  ^e-»''+i?t;-'»''  (since  a-=  —  1^z)\  therefore,    for  a  =  t"  —   \  ,  the 

solution  of  (44)  is 

(45)  i,=  ^-{A^^'^Be-'^'), 
where  z  =  (x^x~  °  =  (  "'  ~    )  x~''^-^. 

li  may  easily  be  verified  that  (45)  is  identical  witii 

(46)  y  =  z->  +  ^^z-^{Ar?^''+Be-^y'); 

consequently,  whether  i  be  positive  or  negative,  the  solution  need  only  involve 
the  direct  operation  of  diflerentiation  by  using  (45)  when  i  is  positive  and  (46) 
when  i  is  negative. 

We   might   notice    that   if  in    (41)   we   put    //  =  z^v  and   operate   on    the 

resultant  equation  in  u  with  r~^  fA=  f       j     j,  this  equation  at  once  reduces 

to  ::;  i-(e~^  -,- )  +  (! — a)ir-^    ,  =  0,  an  equation  of  tlie  first  order  in  e~-^  '  "  , 
az\        az  /  dz  dz 

from   which   w  =  (V,   and,    therefore,    y=2^"y  =  z~VV,   the    form  (17)   thus 

obtained  directly  from  the  equation,  without  first  considering  the  solution  in  the 

form  of  an  infmite  series. 

From  the  solutions  of  Riccati's  equation  we  may  also  derive  those  of  the 

equation  x    , uu  +  t>u  =  ex";  for,  in  this  equation,  putting 

a  —  1  X      dv 

"  —      2h     "^   hr  •  ~Hx  ' 
it  becomes 

(47)  j^  =  [c^x" -2 -f  r.,^-')  V,  where  c,  =  he,  r.,=  "'  ~    . 
Substituting  z  =  c,?t~'x'',  v  =  z'l/,  (47)  becomes 

and  this  reduces  to  equation  (44)  when  wo  choose  r,  so  that 

o  /  ^  M  1 

Ctti-^  —  r(r—  1 ) r=  0\ 

n 

therefore,    for    (47)    finitely    integrable    2r =  a  =  { —.   eliminating  r 


Di  I'm  ill     fiiti(/r<i/s  <ij   llic  Ei/(inlivii    .  ■'  :=  j'"  1/ .  '.',H'i 

between  this  equation  and  tlie  (lUiulratic,  in   r  just  given,  iind  jjutting  <■,= 

4 

we  obtain,  as  condition  for  finite  intetrrability,      -    "    =  /,  and  wiicn  this  condi- 

tion  liolds,  the  sohition  of  a;  — <tii  -f-  />n'^  =  cj:"  is  easily  seen  to  be 

ax 

where  /•  :=  -^      and  //  is  given  by  equations  (-I0)  and  (46). 


lijj 


iSuluiioits  hjj  Dtjinitc  InUyra/s. 


Kuninier    has    shown*    that  if  4'{x)   be   the  general  solution  of  equation 
— -—  =a;"'~'z,  the  general  solution  of      ■[   ^  a,""//  may  be  expressed  by  the 


dx 

„m4-n 


{{"•-'e"  "'^'^^(a-?t)  du,    there   being  a    certain    relation   among   the 
0 

(« -f-  1)  constants    involved   in   '^(.c),    and    by  successive    applications    of   this 
formula  has  obtained    the  solution    in   definite  integral  form  of   the  equation 

d"  II 

./   ^^^m^  j-^,,.  ,jH  p,,^iti\^j  integral  values  of  m;  Spitzer,  by  a  modification  of 

Kunnner's    method,    has    shown f    that    if  4'i-'')    ''6    the    general    solution    of 

^/"4-ir  fl"/, 

^^       -F — XT  =f2,  the  general  solution  of./'"  ~^'=.  — t//  may  be  expressed  iiv 

(ix"  ■*■  dx" 

y»'  _""*""      /-  ,1-  \ 

jt'"-!^,  m-n^f^  V/j^_  a  certain  relation  holding  among  the  {11+  \)  con- 
stants of  TJ'(x),  and  has  thus  found  in  definite  integral  form  tii(>  general  solution 
of       '^  =-'''".'/  f'"'  all  negative  integer  values  of  m  ninnorically  greater  than  2/< . 

We  might  express  both  Rummer's  and  Spitzer's  definite  integrals  imder  one 

d"  +  '2 
form  ;  thus,  if  4^(x)  be  the  general  solution  •>f -.-.^"i   =  fix'"'::,  tiie  general  so- 
lution of    ,  •„   =  ((x'^y  may  l>e  expressed  by 

,,"■-1,.    .1   -«  + M    ,^(j-;jV/«. 
•  Crello,  Vol.  10.  t  Crolle,  Vol.  .'iT. 
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11  (.•oi-t:iiii    relation    lioMini;'  ainoiiii   the   (/'  +   I)   arliilrary  constants  of  ^'(j;) ,   the 

conditions  being  involved  that  m  -\-  n  and  m  are  of  tlic  same  sign,  and        positive 

or  negative  according  as  this  sign  is  phis  or  niiiius.     This  may  he  easily  verified 

b\'  difTerentiating  -  -  —  «.r"'//  =  0  and  substituting  for  -^  „;,  j ,  //  and  //  fri)Mi  (''fO). 

Kuninier's  case  is  that  of  m  and  m  +  "  positive,  Spitzer's  m  and  m  +  n  negative. 
Both  Kuninier  and  Spitzer  always  suppose  /*  positive.  There  is  nothing,  how- 
ever, in  the  verification  of  (50)  to  require  this,  and  (oO)  holds  equally  well 
whether  H  be  positive  or  negative,  providing  that  m  and  m  +  n  fulfil  the  requisite 

conditions;  thus,  from   the   solution  of  ^ ;-,  =  a"""^!'  we   may  derive  that  of 

-—-•^=x"'f/.     In   tlie  former  of  these  equations,  putting  x'^^h  =:  o ,  it  becomes 

d"~^v  d"u 

a:~"'  +  't7=  ,  „_,  and  tlie   latter  similarly   becomes  .r^'^tt  :=  -      ;   thus,   from   the 

rf"~'c  d"u  d~"ii 

solution  of  ,       ,  :=  3-~"'  +  'f  we  derive  a  solution  of -7     =  x~"'u.  ;  in   ,        we  will 
d.v"-^  f/j"  '        f /.<•"" 

suppose  the  additive  constants  due  to  the  integrations  always  equal  to  zero, 

d"  d~ "y 

so  that  the  solutions  of  //  =  -   „  (.'•'"'/)  are  also  solutions  of  -        =  x"'i/. 

Xow,  we  know  the  solution  of  .-f  =  ^'~'"i/  to  be  i/  =  x"~^l,C,.>  ^  ,  where 
the  us  are  the  «th  roots  of  unity  and  the  6"s arbitrary  constants,  and  the  solution 
of  '^  "I  =  x'-z  is  2  =  x-^"y  =  a:-"-^2C,e"  '  . 


Starting  out  now  from  the  equation 

r/-' 
d.t- 


(51)  '''2,=^"^, 


by  (50)  we  have,  as  the  solution  of  equation    y^:^i    =  j-*"  +  '/ 


and   Ity   successive  a))plications  of  formula  (50)  wo  obtain   as  the  solution   nf 

equation   ,--  ,    ,  =:  a-'" ■•"'//, 
1  dx-"-'  ■ 


,j  =  x"'-'£  £       £  h-  ii:+"\>~'-  ■^"'■^0^-'"^''' ""'.r/H„ </«,....</*«, 
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Suhstituliii^  ;;  for  (/(  -f  /),  \vf  liavc,  iis  solution  of  ('(iiiiitictii         •;  =  j;*""  *//, 

(52)  i/  =  x  "+'  ^         /    •■  /     n- »:'-'+'-'.«  n-Z—/    •     V(^/e-M-.r.., 


'/"l .... '/'/, , 
where  by  n«  //"-'  +  "    -  I  iiican  llif  |irofliiil    >i'^-'-\u^-  '  ....  «:■-';  evidently  i  is 


always  a  positive  integer  less  than  )i ;  tlir  _;/'s  arc  here  the(n—  i)th  roots  of  unity 

da: 


d"u 

In  the  equation  -j^  =*"''"*"«  we  have  u  =  j:^"-'i/;  therefore,  the  solution 


of  the  equation 

(53)  '^y^-=^'-'^'>n. 

i 

/....  /    n.  <—+--.  ^""--^  IC^--'"^" -'-'rf»,....r/«.. 

By  (54)  we  have  then  a  defiTiite  integral  solution  of  the  equation  ^  ^  =  j"")/ 

f/jr" 

for  all  negative  integer  values  of  m  between  n  and  2« ;  this  solution  is  not,  indeed, 
the  most  general  one,  but  contains  —  {m  -f  n)  =  n  —  i  arbitrary  constants. 

We  can  further  (ind  a  particular  solution  of  this  equation  for  any  value 
of  7n . 

If  we  write  3 — -  =  x'"z,    .    „_.  =.x'"+'2i,  ....     -— 4  =  -<^'"'^*2i- f^olutions 

rfa:~"  arc""    '  r/.c"""' 

of  these  equations  being  respectively  i'ix),  ■^lix)  .  .  .  .  ■4't{x),  and  m  a  positive 
(|uantity  greater  than  n,  m  and  m  —  n  are  both  positive,  and  we  have,  by  (50), 


m  —  n 


^     <e     "•-"  -vj/(.n/,)r/»,, 

1^    »7  +  '-'e~^-'' >;.,_,(.,•//.),/«,; 


therefore,  the  solution  of  .       '!  =  y"^'z.  is 


IK 


i8Q  FiKl.DS:   Si/mliolir   Finifi    .S'n/////o/t.s    mn/  SoiiifiouN  In/ 

Now,  putting  11=  \  ,  m  is  iiny  (|u:iiitiiy  greater  lli:m  unity,  and  ^{s)  is  tlie  solu- 

lion  of  Cfiuatiou    ,     ,  =.;•"'-;  therefore,  -^{.r)  ■=  j--'"e~i^''  . 
ilj-  ' 

Now,  substituting  for  4-  (j-//,  ....  >i,)  in  \|/,  (./•),  jind  putting  w,  ;/  for  m  +  i, 
>i  +  I  {=  1  -|-  /)  respectively,  we  have  the  solution  of    ,     ''   =  j-^z, , 

ft.r    " 

-,    ^ —  m  +  «  —  1 

/"/:. ./^M,^. ..»;:=!.•-"•  ("^'"■*--^"^^^^*' ■"""■"^''". '"--.; 

replacing  2^  by  a"'"//,  wo  fnid  the  ecjuation 

to  have  a  solution  : 

(56)  _y  =  x"-' 

/       II      »'.,»t...?C_ie''-"*^  ^  (hi.. ...if  II      ,; 

where  m  is  any  positive  quaiitity  greater  than  //.     We  can  funl  a  similar  solution 
for  any  other  value  of   ??!   by  starting  out   from   equation        _,  =.r"'i/,  where 

m  —  1  is  any  negative  quantity,  by  successive  use  of  formula  (50)  with       =  —  1 . 

Now,  referring  back  to  formula  (-"Jo);  if  in  this  we  substitute  >/„  for 
<^  (o»'o  •  •  •  •o^'n-s)'  where  i/„  is  the  general  solution  of  the  equation  of  which 
4>(o^'n  •  •  ■  -c'ri-i)  's  11  particular  solution,  the  equation 

(57)  //  =  n(„(0.//o 

gives  1/  the  general  solution  of  the  equatif)n  of  whieh  (p{in.  .  ■  ■r„_2)  is  a  par- 
ticular solution,  sus  is  easily  verified. 

We    can    now    with    the    help   of  (57)    derive    from    (56)    a   solution    of 

cPy 

T      =:  J,""'//  for  any  real  value  of  m, . 

We  know  that  (57)  holds  for 

(o«)  '•o  =  o>'»—  '. 

where  i  is  any  integer,  the  values  of  the  other  j  's  being  derived  from  equations 

'•r  =  o»V—  ir  =  {r+  l)i'o. 
Now,  being  given  any  value  of  j,,,  we  can  always  satisfy  (5h)  by  a  positive  value 
of  o'o.   ''y   pi'operly   choosing  the  integer  i,  which   we   may  do   in  an  infinite 
•lumber  of  ways. 
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f/x" 

Now,  putting  i„=: —  ,  „i'o  =  —  ,  \vc  have,  wln'ii  n7„  i,s  positive, 

„mi,  a  negative  quantity  greater  tli:iii  n;  therefore,  nWi,  :=  —  m  where  m'^n,  ami, 

therefore,  (56)  gives  a  solution  of  (55),  that  is,  of  "^  =  j;"""'//.  Being,  therefore, 
given  any  equation, 

(59)  S=-''-^'     . 

find  7'n,  satisfy  (58)  hy  a  positive  vahic  of  „]'„,  finrl  „??!,  from  ef|uation 
oi'o=  —  —  r  !  ^'''^^  ^^'^^  giv*^  us  o"*i  =^  —  "'.  where  ?»  is  a  value  for  which  (56) 
holds  as  the  solution  of  (55);  but  the  general  solution  of  y-^  =  x""''i/  is  i/„,  and, 

therefore,  (56)  is  contained  as  a  particular  solution  under  i/g. 

Now,  //o  in  (57)  is  supposed  expressed  as  a  function  of  z,  where  z  is  connected 

with  ./•  in  ,  „  =  •'■"'"//  hy  the  equation  z  =  (/<  —  m)~"j;"^"'  (see  (16))  ;  transform- 
ing (56)  from  jc  to  z  by  this  transformation,  and  substituting  (56)  thus  transformed 
for  //„  in  (57),  we  get,  as  a  solution  of  (59),  expressed  in  terms  of  z, 

(60)  v/  =  n(^,)2"-"' 

for  all  values  of  /rii,  7n  being  obtained  from  the  positive  value  of  „!•«  satisfying  (5S). 

The    X   in   (59)    is   connected    with    z    in   (60)   by   the   relation    z  =  a~'''x° 

=  (oti+ H)~"a;'"'  +  "  (see  (16)),  by  which  equation,  transforming  (60)  to  terms 

of  X,    putting    „jv  =  (/•  +  l)oi'o>     'r  =('■+!)'",     n'li  =  >    iiiid     inst('a<l    of 

m  —  n 


,/j,.  =  2   '''"*"*'(;    )  2''"  writing 

(61)  G),  =  j-'-  +  'Cj:-""'  +  "'  +  '  ''-y''"'""'a;<'+i)<("..  +  ..)*-u^ 

which  differs  only  by  a  constant  multiplier  from  ^.y,,  (60)  becomes 

(62)  //=  n(o,)x-<"-"< '"'  +  »"-' ^ 

XT  •• /"»."!•■""!---"■"*   "■-■■"'^'■*"=^''' --'--*■'•'", '".-.; 

here  the   product  n(o,)  is  taken  ibr  all  integer  values  of  /•  from  0  to  (h— 1) 
inclusive. 


38S         I'^IKI.PS  :    S'i/ji}hi)Iif  Fiiiifr  So/nft'oti/t  aiirf  Snhifion'i  hi/  fhjhiifi'  fntifjrnls^  ttr. 

Solutions,  then,  of  oquation  (5!l)  arc  given  by  (62)  for  all  values  of  7n,,  the 
values  of  7H  ami  /  involved  in  these  solutions  being  any  that  will  satisfy  equation 

(58);  J.  c.   — .       +  = /,   /  being   any  integer    ami   m  —  n  any   positive 

quantity,  and  for  the  same  value  of  wjj  (62)  assumes  dilTercnt  forms,  according 
to  the  values  we  may  choose  for  m  and  /. 

If  wo  put  /=:(»,  we  have  ??i,  =  —  m  ,  11  (w,)  =  1 ,  and  (62)  reduces  back  to 
(56). 

We  might  also  obtain  a  morn  general  form,  including  that  of  (62),  by  taking 

X        .  I 

instead  of ,  where  k  is  chosen  subject  to  the  condition  (-'57), 


m  —  n  m  —  n 

with  n  —  m  substituted  for  m,  the  x's  being  positive  integers  dilTerent  from  each 
other  and  less  than  n. 

By  combinations  of  formulae  (50)  and  {hi)  wo  may  obtain  solutions  of 
equations  of  form  (5'J)  in  a  variety  of  forms  on  starting  out  from  some  equation 
of  this  form  whose  solution  is  known,  either  finitely  or  as  a  definite  integral; 
(50)  connects  the  solutions  of  all  equations  (59)  for  which  w,  +  n  remains  con- 
stant, and  (57)  those  of  equations  (59)  for  which  the  values  of  [nxi  -\-  a)~^  only 
differ  by  integers. 


'Ml 


'/j/^ 


/\     /»     /-*     --7    ■ 


■  I  '• 


''     ',  <* 


